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ABSTRACT
A long-standing question is whether radiative cooling can lead to local condensations of cold gas
in the hot atmospheres of galaxies and galaxy clusters. We address this problem by studying the
nature of local instabilities in rotating, stratified, weakly magnetized, optically thin plasmas in the
presence of radiative cooling and anisotropic thermal conduction. For both axisymmetric and non-
axisymmetric linear perturbations we provide the general equations that can be applied locally to
specific systems to establish whether they are unstable and, in case of instability, to determine the
kind of evolution (monotonically growing or over-stable) and the growth rates of unstable modes. We
present results for models of rotating plasmas representative of Milky Way-like galaxy coronae and
cool-cores of galaxy clusters. It is shown that the unstable modes arise from a combination of thermal,
magnetothermal, magnetorotational and heat-flux-driven buoyancy instabilities. Local condensation
of cold clouds tends to be hampered in cluster cool cores, while it is possible under certain conditions
in rotating galactic coronae. If the magnetic field is sufficiently weak the magnetorotational instability
is dominant even in these pressure supported systems.
Keywords: conduction - galaxies: clusters: intracluster medium – galaxies: ISM – instabilities –
magnetohydrodynamics – plasmas
1. INTRODUCTION
Extended hot atmospheres are believed to be ubiquitous in massive virialized systems in the Universe. These virial-
temperature gaseous halos have been detected in X-rays not only in galaxy clusters (Rosati et al. 2002), but also
in massive elliptical (Mathews & Brighenti 2003) and disc (Dai et al. 2012) galaxies. A combination of different
observational findings leads to the conclusion that a corona is present also in the Milky Way (Miller & Bregman
2013). A long-standing question is whether these atmospheres are thermally unstable (in the sense of Field 1965): if
local thermal instability (TI) occurs, cold gaseous clouds can condense throughout the plasma; otherwise, substantial
cooling can only happen at the system center, where, however, it is expected to be opposed by feedback from the
central supermassive black hole. This has important implications for the evolution of galaxy clusters (e.g. Mathews
& Bregman 1978; McCourt et al. 2012, and references therein) and galaxies (e.g. Maller & Bullock 2004; Joung et al.
2012, and references therein).
The evolution of thermal perturbations in astrophysical plasmas, subject to radiative cooling and thermal conduction,
is a complex physical process (Field 1965), which is influenced by several factors, such as entropy stratification (Malagoli
et al. 1987; Balbus & Soker 1989; Binney et al. 2009), magnetic fields (Loewenstein 1990; Balbus 1991; Balbus &
Reynolds 2010) and rotation (Defouw 1970; Nipoti 2010, hereafter N10). In the present paper, which is the follow-up
of Nipoti & Posti (2013, hereafter NP13), we focus on the role of rotation in determining the stability properties of
these plasmas, in the presence of weak magnetic fields. Rotation is clearly expected to be important in the case of
the coronae of disc galaxies (Marinacci et al. 2011), but we stress that a substantial contribution of rotation could
be present also in the hot gas of galaxy clusters (Bianconi et al. 2013). Though our focus is mainly on galaxy and
galaxy-cluster atmospheres, it must be noted that the analysis here presented could be relevant also to the study of
other rotating optically thin astrophysical plasmas, such as accretion disc coronae (Das & Sharma 2013; Li et al. 2013).
In NP13 we have shown that rotating, radiatively cooling atmospheres with ordered weak magnetic fields (and
therefore anisotropic heat conduction) are unstable to axisymmetric perturbations, in the sense that there is always
at least one growing axisymmetric mode. The physical implications of this formal result clearly depend on the nature
of this instability, which we try to address in the present work. In particular, we want to explore whether the linear
instabilities found in NP13 are over-stabilities or monotonically growing instabilities, how the evolution of the instability
depends on the properties of the perturbation and what are the driving physical mechanisms. We also extend the linear
stability analysis of NP13 considering non-axisymmetric linear perturbations. We analyze the linear evolution of the
instabilities in models of rotating plasmas representative of Milky Way-like galaxy coronae and cool-cores of galaxy
clusters, comparing the results to those obtained for similar unmagnetized models, characterized by isotropic heat
conduction. The instabilities found in the present work are interpreted in terms of well-known instabilities such as the
TI, the magnetorotational instability (MRI, Balbus & Hawley 1991; see also Velikhov 1959 and Chandrasekhar 1960),
the magnetothermal instability (MTI, Balbus 2000) and the heat-flux-driven buoyancy instability (HBI, Quataert
2008).
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The paper is organized as follows. In Section 2 we present the relevant magnetohydrodynamic (MHD) equations and
we define the properties of the unperturbed plasma. The results of the linear-perturbation analysis are presented in
Section 3 for axisymmetric perturbations and in Section 4 for non-axisymmetric perturbations. Section 5 summarizes
and concludes.
2. GOVERNING EQUATIONS AND PROPERTIES OF THE UNPERTURBED PLASMA
A stratified, rotating, magnetized atmosphere in the presence of thermal conduction and radiative cooling is governed
by the following MHD equations:
∂ρ
∂t
+∇ · (ρv) = 0, (1)
ρ
[
∂v
∂t
+ (v · ∇)v
]
= −∇
(
p+
B2
8pi
)
− ρ∇Φ+
1
4pi
(B · ∇)B, (2)
∂B
∂t
−∇× (v ×B) = 0, (3)
p
γ − 1
[
∂
∂t
+ v · ∇
]
ln(pρ−γ) = −∇ ·Q− ρL, (4)
supplemented by the condition that the magnetic field B is solenoidal (∇·B = 0). Here ρ, p, T and v are, respectively,
the density, pressure, temperature and velocity fields of the fluid, Φ is the external gravitational potential (we neglect
self-gravity), γ = 5/3 is the adiabatic index, Q is the conductive heat flux, and L = L(T, ρ) is the radiative energy
loss per unit mass of fluid. In a dilute magnetized plasma heat is significantly transported by electrons only along the
magnetic field lines (see Braginskii 1965), so the conductive heat flux is given by
Q = −
χB (B · ∇)T
B2
(Anisotropic conduction), (5)
where χ ≡ κT 5/2 is the Spitzer electron conductivity with κ ≃ 1.84× 10−5(ln Λ)
−1
erg s−1 cm−1K−7/2, and lnΛ is the
Coulomb logarithm (Spitzer 1962). In the following we neglect the weak temperature and density dependence of lnΛ,
assuming that κ is a constant, so χ = χ(T ) ∝ T 5/2. We note that, even if the medium is magnetized, for simplicity we
have assumed that the pressure is isotropic: in other words, we neglect the so-called Braginskii (1965) viscosity, i.e.
the fact that momentum transport is anisotropic in the presence of a magnetic field. Though this approximation is not
rigorously justified (see Kunz 2011; Kunz et al. 2012; Parrish et al. 2012), we adopt it just in the working hypothesis
that anisotropic pressure is not the crucial factor in determining the thermal stability properties of rotating plasmas.
This is a limitation of the present investigation, which must be kept in mind in the interpretation of the results.
As we consider rotating fluids, we work in cylindrical coordinates (R, φ, z), where R = 0 is the rotation axis.
The unperturbed plasma is described by time-independent axisymmetric pressure p0, density ρ0, temperature T0,
velocity v0 = (v0R, v0φ, v0z) and magnetic field B0 = (B0R, B0φ, B0z) satisfying equations (1-4) with vanishing partial
derivatives with respect to t, under the assumption that the unperturbed magnetic field is subthermal and dynamically
unimportant (β ≡ 8pip0/B
2
0 ≫ 1). Though a stationary solution of the energy equation (4) does not necessarily imply
ρL = −∇·Q [for instance, in a classic stationary cooling-flowmodel ρL 6= −∇·Q and v·∇ ln(pρ−γ) 6= 0], here we restrict
for simplicity to the case in which cooling is balanced by heat conduction in the unperturbed system. This implies that
the unperturbed magnetic field lines are not isothermal, so ∇T0 ·b0 6= 0 in the background plasma (see Quataert 2008
for a discussion). The unperturbed fluid rotates differentially with angular velocity Ω(R, z) ≡ v0φ(R, z)/R depending
on both R and z (we take Ω ≥ 0). For simplicity, we assume v0R = v0z = 0, which, combined with the assumption
that all the components of the background magnetic fields are time-independent, implies that the unperturbed system
satisfies Ferraro (1937) isorotation law B0 · ∇Ω = 0 (see NP13 for a discussion). The unperturbed system, though
magnetized, obeys the the Poincare´-Wavre theorem (Tassoul 1978), because β ≫ 1, so we can distinguish barotropic
[p0 = p0(ρ0), Ω = Ω(R)] and baroclinic [p0 = p0(ρ0, T0), Ω = Ω(R, z)] distributions.
3. AXISYMMETRIC PERTURBATIONS
3.1. Dispersion relation
We linearize the governing equations (1-4) with axisymmetric Eulerian perturbations of the form F e−iωt+ikRR+ikzz,
with |F | ≪ |F0|, where F0 is the unperturbed quantity, ω is the perturbation frequency, and kR and kz are, respectively,
the radial and vertical components of the perturbation wave-vector. The linear-perturbation analysis, in the short
wave-length and low frequency (Boussinesq) approximation, leads to the most general dispersion relation derived in
NP13. It is convenient to express the dispersion relation as a function of n ≡ −iω: in terms of n, the perturbation
evolves with a time dependence F (t) ∝ ent, where in general n is a complex number. Therefore, stable modes are
those with Re(n) ≤ 0 and unstable modes those with Re(n) > 0. Among the unstable modes we have monotonically
growing unstable modes, with Im(n) = 0, and over-stable modes, with Im(n) 6= 0, in which the perturbation oscillates
with growing amplitude. The dispersion relation of NP13 (equation 32 in that paper) can be written in dimensionless
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form as
n˜5 + ω˜dn˜
4 +
[
ω˜2BV + ω˜
2
rot + 2ω˜
2
A
]
n˜3 +
[
(ω˜2rot + 2ω˜
2
A)ω˜d + ω˜
2
Aω˜c,mag
]
n˜2 + ω˜2A
(
ω˜2A + ω˜
2
BV + ω˜
2
rot − 4
k2z
k2
+ ω˜2c,φ
)
n˜
+ω˜2A
[(
ω˜2A + ω˜
2
rot − 4
k2z
k2
)
ω˜d + ω˜
2
Aω˜c,mag
]
= 0 (Magnetized). (6)
In the above equation n˜ ≡ n/Ω, ω˜d ≡ ω˜c,a + ω˜th (where ω˜c,a ≡ ωc,a/Ω and ω˜th ≡ ωth/Ω), ω˜
2
BV ≡ ω
2
BV/Ω
2, ω˜2rot ≡
ω2rot/Ω
2, ω˜2A ≡ ω
2
A/Ω
2, ω˜c,mag ≡ ωc,mag/Ω and ω˜
2
c,φ ≡ ω
2
c,φ/Ω
2, where
ωc,a ≡
(k · b0)
2
k2
ωc (7)
is the anisotropic thermal conduction frequency,
ωc ≡
(
γ − 1
γ
)
k2χ(T0)T0
p0
(8)
is the isotropic thermal conduction frequency,
ωth ≡ −
(
γ − 1
γ
)
ρ0
p0
[L(ρ0, T0) + ρ0Lρ(ρ0, T0)− T0LT (ρ0, T0)] (9)
is the thermal-instability frequency1,
ω2BV ≡ −
k2z
k2
Dp0
ρ0γ
D ln p0ρ
−γ
0 (10)
is the Brunt-Va¨isa¨la¨ or buoyancy frequency squared [we have introduced the differential operator D ≡ (kR/kz)∂/∂z−
∂/∂R],
ω2rot ≡ −
k2z
k2
1
R3
D(R4Ω2) (11)
is the angular-momentum gradient frequency squared,
ω2A ≡ (k · vA)
2 =
(k ·B0)
2
4piρ0
(12)
is the Alfve´n frequency squared, and
ωc,mag ≡ −ωc
4pip0
B20
k2z
k2
D ln p0
k2
[
D lnT0 − 2 (∇ lnT0 · b0)
(
kR
kz
b0z − b0R
)]
(13)
and
ω2c,φ ≡ ωcΩ
8pip0
B20
k2z
k2
D ln p0
k2
(∇ lnT0 · b0)b0φ (14)
are other two frequencies associated to thermal conduction mediated by the magnetic field.
We are interested in comparing the thermal stability properties of plasmas with ordered magnetic field to those
of unmagnetized fluids with similar properties, in which thermal conduction is isotropic. In this case the governing
equations are the usual hydrodynamic equations, which can be obtained from equations (1), (2) and (4), imposing
B = 0 and conductive heat flux (Spitzer 1962)
Q = −fκT 5/2∇T, (Isotropic conduction), (15)
where we allow for the possibility that thermal conduction is suppressed to a fraction f of the classical Spitzer’s value
(Binney & Cowie 1981), so that the unmagnetized case can also represent a simple model of system with tangled
magnetic fields. The dispersion relation is the one derived in N10 (equation 16 in that paper), which we write here as
a function of n˜ = n/Ω:
n˜3 + n˜2ω˜d + (ω˜
2
BV + ω˜
2
rot)n˜+ ω˜
2
rotω˜d = 0 (Unmagnetized), (16)
where now ω˜d ≡ fω˜c + ω˜th, with ω˜c ≡ ωc/Ω.
1 This is a general definition of ωth, which applies also in the case in which ρL 6= −∇ ·Q in the unperturbed system: it can be shown
that the first term in square brackets is negligible if cooling is balanced by heat conduction in the background fluid.
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Table 1
Name ΓΩR ΓΩz ΓpR Γpz ΓTR c˜0 ω˜th ω˜c,0 β b0φ b0R b0z ΓTz ΓTp
MWG-bt -0.944 0 -0.321 -0.565 -0.042 1.238 -0.052 0.010 29.15 0 0 1.000 -0.074 0.130
MWG-bt-az -0.944 0 -0.321 -0.565 -0.042 1.238 -0.052 0.010 29.15 0.950 0 0.312 -0.074 0.130
MWG-bc -0.944 -0.142 -0.321 -0.565 -0.042 1.238 -0.052 0.010 29.15 0 -0.148 0.989 0.503
MWG-bc-az -0.944 -0.142 -0.321 -0.565 -0.042 1.238 -0.052 0.010 29.15 0.950 -0.046 0.309 0.503
CCC-bt -0.868 0 -0.249 -0.324 0.173 1.834 -0.061 0.128 77.73 0 0 1.000 0.225 -0.695
CCC-bc -0.868 -0.130 -0.249 -0.324 0.173 1.834 -0.061 0.128 77.73 0 -0.148 0.989 0.537
Note. — List of dimensionless parameters of the models (see Section 3.2). The first ten parameters are independent: logarithmic
slopes of the radial (ΓΩR) and vertical (ΓΩz) angular velocity gradients, of the radial (ΓpR) and vertical (Γpz) pressure gradients, and of
the radial temperature gradient (ΓTR), normalized sound speed (c˜0), normalized thermal-instability (ω˜th) and thermal-conduction (ω˜c,0)
frequencies, thermal to magnetic pressure ratio (β), and normalized azimuthal magnetic field component (b0φ). The last four parameters
depend on the first ten: normalized radial (b0R) and vertical (b0z) magnetic field components, logarithmic slope of the vertical temperature
gradient (ΓTz) and logarithmic slope of the temperature variation with respect to pressure (ΓTp; defined only for barotropic distributions).
3.2. Parameters
We show here that the coefficients of the dispersion relation (6) are fully defined if the values of the axisymmetric
perturbation wave-vector k = (kR, 0, kz) and of ten dimensionless parameters (depending on the physical properties
of the unperturbed plasma) are specified. For this purpose, it is convenient to rewrite the characteristic frequencies
appearing in the coefficients as follows:
ω˜c,a =
k2R2
1 + x2
(b0z + xb0R)
2ω˜c,0, (17)
ω˜c = k
2R2ω˜c,0, (18)
ω˜c,mag = −
β
2(1 + x2)
ω˜c,0(xΓpz − ΓpR)
[
(xΓTz − ΓTR)− 2 (ΓTRb0R + ΓTzb0z) (xb0z − b0R)
]
, (19)
ω˜2c,φ =
β
1 + x2
ω˜c,0(xΓpz − ΓpR) (ΓTRb0R + ΓTzb0z) b0φ, (20)
ω˜2BV = −
c˜20
1 + x2
(xΓpz − ΓpR)
[
xΓTz − ΓTR −
γ − 1
γ
(xΓpz − ΓpR)
]
, (21)
ω˜2rot =
2
1 + x2
(ΓΩR + 2− xΓΩz) , (22)
ω˜2A =
2c˜20
β
k2R2
1 + x2
(xb0R + b0z)
2, (23)
ω˜th ≡ −
R
v0φ
(
γ − 1
γ
)
ρ0
p0
[L(ρ0, T0) + ρ0Lρ(ρ0, T0)− T0LT (ρ0, T0)] , (24)
where we have introduced the dimensionless parameters x ≡ kR/kz, b0 ≡ B0/B0, c˜0 ≡ c0/v0φ (c0 is the isothermal
sound speed),
ΓpR ≡
∂ ln p0
∂ lnR
, Γpz ≡
R
z
∂ ln p0
∂ ln |z|
, (25)
ΓTR ≡
∂ lnT0
∂ lnR
, ΓTz ≡
R
z
∂ lnT0
∂ ln |z|
, (26)
ΓΩR ≡
∂ lnΩ
∂ lnR
, ΓΩz ≡
R
z
∂ lnΩ
∂ ln |z|
(27)
and
ω˜c,0 ≡
γ − 1
γ
χ(T0)T0
v0φRp0
. (28)
In summary, for given k, the dispersion relation (6) for a magnetized plasma is completely defined by the choice of the
following ten free parameters, depending only on the properties of the unperturbed plasma: ΓΩR and ΓΩz (logarithmic
slopes of the radial and vertical angular velocity gradients), ΓpR and Γpz (logarithmic slopes of the radial and vertical
pressure gradients), ΓTR (logarithmic slope of the radial temperature gradient), c˜0 (sound to rotation speed ratio), ω˜th
and ω˜c,0 (normalized thermal-instability and thermal-conduction frequencies), β (thermal to magnetic pressure ratio)
and b0φ (normalized azimuthal magnetic field component). The other three parameters appearing in the definitions
of the coefficients of the dispersion relations (b0R, b0φ and ΓTz) are not independent of the first ten listed above: b0R
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Table 2
Name T0/K ne,0/ cm−3 R/ kpc v0φ/ km s
−1 Z/Z⊙ B0/µG
MWG 2.15× 106 8.58× 10−4 16.92 140.2 0.03 0.5
CCC 7.96× 107 2.47× 10−2 92.00 576.0 0.30 10
Note. — Examples of combinations of physical parameters (see Section 3.3) giving c˜0, ω˜th, ω˜c,0 and β as in Table 1. T0 is the gas
temperature, ne,0 is the electron number density, R is the local radial coordinate (representing the characteristic physical size of the
system), Z is the metallicity and B0 is the magnetic field modulus. Here we estimate L(ρ0, T0), appearing in ω˜th, using the collisional
ionization equilibrium cooling function of Sutherland & Dopita (1993).
and b0z are determined (modulo the sign) when ΓΩz , ΓΩR and b0φ are given, because ΓΩzb0z = −ΓΩRb0R (isorotation
condition) and b20R+b
2
0z+b
2
0φ = 1; ΓTz is determined by the vorticity equation (derived from the momentum equations),
which can be written in dimensionless form as
ΓΩz =
c˜20
2
(ΓTzΓpR − ΓTRΓpz) . (29)
In the special case of barotropic distributions ΓTR = ΓTpΓpR and ΓTz = ΓTpΓpz, where
ΓTp ≡
d lnT0
d ln p0
, (30)
so ΓΩz = 0 (see equation 29) and b0R = 0 (and therefore b
2
0z+b
2
0φ = 1), because of the isorotation condition b0RΓΩR = 0.
We note that, at fixed ΓTR, ΓTz and b0, the requirement that in the unperturbed system cooling is balanced by heat
conduction (ρL = −∇ ·Q) can be fulfilled, for given ρL, by fixing the values of the magnetic field gradient and of
the second spatial derivatives of the temperature. The dispersion relation (16) for an unmagnetized fluid is fully
characterized by the parameters ΓΩR, ΓΩz , ΓpR, Γpz, ΓTR, c˜0, ω˜th, ω˜c,0 and f ≤ 1.
3.3. Model astrophysical plasmas
To study the linear evolution of given modes, we must specify the numerical values of the coefficients of the dispersion
relations (6) and (16). Given the number of parameters (see Section 3.2), it is clear that an exploration of parameter
space is prohibitive. However, it is useful to present results for a few illustrative cases. We focus on two reference
sets of models, which are meant to be representative of the physical conditions in the cool core of a massive galaxy
cluster (set of models CCC) and in the corona of a Milky Way-like galaxy (set of models MWG). In all cases the hot
gas is assumed to be rotating differentially, and we consider both barotropic [Ω = Ω(R), so ΓΩz = 0; models CCC-bt
and MWG-bt] and baroclinic [Ω = Ω(R, z), so ΓΩz 6= 0; models CCC-bc and MWG-bt] distributions. In these models
the magnetic field has no azimuthal component (b0φ = 0), but we also present results for two models with b0φ 6= 0
(models MWG-bt-az and MWG-bc-az). Physically, the main differences between the two sets are that temperature is
higher (i.e. conduction more efficient) and rotation less important in models CCC than in models MWG, and that the
radial temperature gradient is positive in models CCC and negative in models MWG. The values of the dimensionless
parameters for all the models are reported in Table 1. For each of the above models we construct a corresponding
unmagnetized model that has the same values of the parameters ΓΩR, ΓΩz , ΓpR, Γpz, ΓTR, c˜0, ω˜th and ω˜c,0.
Some of the parameters listed in Table 1 are purely “geometrical”: those indicated with Γ describe the local density,
pressure, temperature and velocity gradients, while b describes the geometry of the local magnetic field. The others (c˜0,
ω˜th, ω˜c,0, β) are combinations of physical parameters of the unperturbed system, but clearly they are not associated to
specific values of the parameters in physical units. For instance, a given numerical value of c˜0 = c0/v0φ can be obtained
with an arbitrary value of the sound speed c0 (in physical units), provided that the rotation speed v0φ is opportunely
rescaled. In this sense, our models are not univocally associated to given physical scales, temperatures, densities,
velocities and magnetic fields. Nevertheless, for illustrative purposes, it is useful to give examples of combinations of
physical parameters (relevant to astrophysical applications) that produce the values of the dimensionless parameters
reported in Table 1. The quantities entering the definition of c˜0, ω˜th, ω˜c,0 and β are the local temperature T0, the local
density ρ0 (or, alternatively, the local electron number density ne,0), the local radial coordinate R (representing the
characteristic physical size of the system), the local rotation speed v0φ, the metallicity Z (because of the dependence
of L, an therefore of ω˜th, on Z) and the modulus of the local magnetic field B0. Two examples of combinations of the
values of these parameters are reported in Table 2: it is clear that model CCC can be interpreted as the cool core of a
massive cluster of galaxies and model MWG as a galactic corona. In fact, the values of the dimensionless parameters
of our sets of models MWG and CCC were inspired, respectively, by the Milky Way-like corona models of Binney et al.
(2009) and by the cool-core cluster models of Bianconi et al. (2013). In global models of hot atmospheres (such as those
of Binney et al. 2009 and Bianconi et al. 2013) the physical parameters (and then the detailed stability properties)
are clearly position-dependent. In the present work we do not explore global models, but we just take specific values
of the parameters that are representative of the physical conditions in typical galaxies or clusters. However, we stress
that once a global model of a rotating atmosphere is given (either analytic or obtained with a numerical simulation),
its thermal stability can be studied at any point of the system by solving the dispersion relations (6) and (16) with
the values of the coefficients given by the physical properties at that point.
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Model MWG-bt: Magnetized
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Figure 1. Domains of stability (white), monotonic instability (dark grey) and over-stability (light grey) in the plane kR/kz (ratio of radial
and vertical wave-vector components) vs k (wave-number) for barotropic (left-hand panel) and baroclinic (right-hand panel) Milky-Way
like galaxy models with with b0φ = 0 (see Table 1). Representative contours of constant growth rate (labeled in units of 10
−3Ω−1) are
shown for the monotonically unstable modes. In both panels the dominant instabilities are due to a combination of magnetothermal and
thermal modes (label MTI+TI). Here k is in units of R−1.
Model MWG-bt-az: Magnetized
1.0 1.5 2.0 2.5 3.0
log10k
-20
-10
0
10
20
k R
/k
z
10
10
10
10
20
20
MRI
Model MWG-bc-az: Magnetized
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Figure 2. Same as Fig. 1, but for barotropic (left-hand panel) and baroclinic (right-hand panel) Milky-Way like galaxy models with
b0φ 6= 0 (see Table 1). In both panels the fastest growing monotonic instabilities (growth rate up to ≈ 440 in units of 10
−3Ω−1) are
magnetorotational modes with |kR/kz | . 1 and log10 k . 1.1 (label MRI).
3.4. Results for axisymmetric perturbations
Given a plasma model, we solved numerically the dispersion relations (6) and (16) for a large number of axisymmetric
wave-vectors, using the idl (Interactive Data Language) routine fz roots. The analysis of the roots as functions of
the wave-vector components allows us to identify domains of stability, over-stability and monotonic instability. In order
to understand the nature of the instabilities it is important to assess the role of different physical mechanisms, such
as radiative cooling, rotation and anisotropic heat conduction. This task is by no means easy, because the different
modes are entangled and the high order of the dispersion relation makes it difficult to isolate the various contributions.
Nevertheless, inspecting the behavior and the growth rates of the individual branches of the solutions as functions of
the wave-number and comparing the results with those obtained for simpler configurations (for instance in the absence
of radiative cooling, rotation or magnetic field), we were able to identify the different branches in terms of combinations
of well known modes (TI, MRI, MTI, HBI, rotation, buoyancy and Alfve´n modes).
3.4.1. Domains of stability, over-stability and monotonically growing instability
Here we discuss the domains, in wave-vector space, of stability, over-stability and monotonic instability against
axisymmetric perturbations for the plasma models described in Section 3.3. The results for the Milky-Way like galaxy
models MWG-bt (barotropic) and MWG-bc (baroclinic) with b0φ = 0 are shown in Fig. 1: in these plots the stability
domains are represented in the space k-x, where k is the wave-number of the perturbation and x ≡ kR/kz is the ratio
of the radial and vertical components of the wave-vector. In particular, we sampled the intervals 10 ≤ kR ≤ 1000
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Figure 3. Same as Fig. 1, but for barotropic (left-hand panel) and baroclinic (right-hand panel) cool-core cluster models (see Table 1).
In both panels the dominant instabilities are due to a combination of heat-flux driven buoyancy and thermal modes (label HBI+TI).
and −25 ≤ x ≤ 25. From Fig. 1 it is apparent that in all cases there are regions in the space k-x corresponding to
monotonically unstable and over-stable modes, typically for small k (i.e., long wave-length) and large |x| (i.e. almost
vertical wave-crests). In the plot representative contours of constant growth rate are shown for the monotonically
unstable modes, which in this case are due to a combination of the MTI and the TI (see Section 3.4.2). In the
baroclinic MWG model (right-hand panel in Fig. 1) monotonic instability occurs also at short wave-lengths (a region
of stability or over-stability for barotropic models) for x ≈ −b0z/b0R ≃ 6.7: physically this is due to the fact that for
those modes the projection of the magnetic field onto the wave vector is close to zero, so the fluid basically behaves
as if it were unmagnetized (ωA ≈ 0) and with no heat conduction (ωc,a ≈ 0; see also NP13). The driving term of
these growing disturbances is ωth, so the instability is essentially a TI (see Section 3.4.2). The domains of stability
and instability in models with b0φ 6= 0 (Fig. 2) present a region of instability for low k and |x| . 1, which is not
present in the corresponding models with b0φ = 0 (Fig. 1): we will show in Section 3.4.2 that these unstable modes
are dominated by the MRI.
The stability and instability domains of the barotropic (CCC-bt) and baroclinic (CCC-bc) cluster cool core models
are qualitatively similar to those of corresponding MWG models, as it is apparent by comparing Fig. 3 with Fig. 1.
Quantitatively, in the k-x space, the regions of monotonic instability are less extended in the CCC models than in the
MWG models, mainly because damping by thermal conduction is more effective in the higher-temperature plasma of
cool cores than in galactic coronae. Moreover, as we will discuss in Section 3.4.2, the driving instability is different in
the two cases (HBI in models CCC, MTI in models MWG).
It is interesting to compare the above results for magnetized plasma models to those obtained for the corresponding
unmagnetized models (see Section 3.3), for which the stability domains can be expressed analytically in terms of the
quantities ω˜d, ω˜
2
rot and ω˜
2
BV (see N10, figure 1 in that paper). The behavior of the barotropic models with no magnetic
field is very simple: all modes with k > kmin (i.e. sufficiently short wave-length perturbations) are either stable or
over-stable (due to effective heat-conduction damping), while for k < kmin we have monotonic instability: for instance,
for model MWG-bt kmin ≃ 22(f/0.01)
−1/2, where f ≤ 1 is the thermal-conduction suppression factor2. Baroclinic
models are characterized also by a critical wave-vector component ratio xcrit (for instance, xcrit ≃ −7 for model MWG-
bc): for x > xcrit the behavior is similar to that of the corresponding barotropic models, while for x < xcrit the system
is rotationally unstable (ω2rot < 0), which, combined with the Field criterion, gives over-stability for k < kmin and
instability for k > kmin (see N10).
3.4.2. Physical nature and growth rates of the unstable modes
In order to understand the astrophysical implications of the instabilities appearing in Figs. 1-3 it is important
to determine their physical nature. In particular, an interesting question is whether the instabilities lead to local
condensation and formation of cold clouds (i.e. if they are TIs in the sense of Field 1965). Clearly, the unstable
modes here considered arise from a combination of different physical mechanisms. In fact, as discussed in NP13, even
in the absence of radiative cooling the considered systems are exposed to other instabilities such as the MRI, the
MTI and the HBI. It is useful to look at the behavior of the roots of the dispersion relations (6) and (16) in more
detail: in particular, here we discuss how the different branches of the solutions depend on the wave-number k at fixed
radial to vertical wave-vector component ratio x = kR/kz. Though several modes (TI, MTI, HBI, MRI, buoyancy,
rotation, Alfve´n waves) are at work, for most branches it is possible to identify the dominant modes. For instance, in
Fig. 4 we show the results obtained for the barotropic models MWG-bt and CCC-bt fixing x = 10. The oscillating
branches (imaginary parts) are neatly identified with buoyancy (Brunt-Va¨isa¨la¨) and Alfve´n modes. Focusing on the
2 In the unmagnetized case, the condition for heat-conduction damping is ω˜d = fω˜c + ω˜th ≥ 0, where, for fixed unperturbed physical
parameters, ω˜c ∝ k2 and ω˜th = const. The minimum stable wave-number kmin corresponds to ω˜d = 0, so k
2
min
f = const.
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Figure 4. Real and imaginary parts of the roots of the dispersion relation (6) as functions of the wave-number k for models MWG-bt
(left-hand panel) and CCC-bt (right-hand panel) when kR/kz = 10. Here k is in units of R
−1. For the sake of clarity here we extend the
range in k down to kR = 1, but we recall that the results of the linear analysis are rigorous only for kR ≫ 1. Unstable modes are those
with Re(n) > 0: monotonically growing if Im(n) = 0, over-stable if Im(n) 6= 0. We identify the different unstable branches as combinations
of thermal instability (TI), heat-flux driven buoyancy instability (HBI), magneto-thermal instability (MTI), buoyancy and rotation. In
the imaginary plane we identify the branches in terms of Brunt-Va¨isa¨la¨ (buoyancy) and Alfve´n modes. Each root is represented with the
same color in the upper and lower panels.
Figure 5. Same as Fig. 4, but, in the left-hand panel, for model MWG-bt with no magnetic field and kR/kz = 10 (isotropic conduction
with f = 0.01, dispersion relation 16), and, in the right-hand panel, for the magnetized model MWG-bt-az and kR/kz = 1 (anisotropic
conduction, dispersion relation 6). The branches are identified as in Fig. 4, with the addition of the magnetorotational instability (MRI)
mode.
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Figure 6. Maximum growth rate (in units of Ω) of monotonically unstable modes as a function of the azimuthal component of the
magnetic field b0φ and of ΓΩz/ΓΩR, which is a measure of the vertical-to-radial velocity gradient ratio, for a set of magnetized Milky-Way
galaxy models. The models considered here have the same values of the parameters ΓΩR, ΓpR, Γpz , ΓTR, c˜0, ω˜th, ω˜c,0, and β as models
MWG (see Table 1), but different values of ΓΩz and b0φ (and, as a consequence, different values of the dependent parameters b0R, b0z and
ΓTz). We explored wave-vectors with 10 ≤ kR ≤ 1000 and −25 ≤ kR/kz ≤ 25.
unstable branches, we note that in model MWG-bt (in which temperature decreases outwards; ∇p0 · ∇T0 > 0) the
monotonically unstable mode is due to a combination of MTI and TI. However, we verified that the growth rate is
dominated by the TI: the MTI is weaker, because the temperature is relatively low and the magnetic field lines are
non-isothermal (see Quataert 2008), and the instability is essentially a TI. In model CCC-bt (in which temperature
increases outwards; ∇p0 · ∇T0 < 0) the monotonically unstable mode is due to a combination of HBI and TI, where
the HBI is dominant (because of the high temperature). In both models there are two over-stable branches (due
to a combination of TI with either rotation or buoyancy), but these modes occur at sufficiently short wave-lengths
(kR & 10) only for model MWG. We note that in the over-stable modes the buoyancy frequency is much higher than
the TI frequency, so over-stable modes are not expected to lead to local condensation (Malagoli et al. 1987). However,
the properties of the monotonically growing modes suggest that local condensation via TI should be more likely in
galactic atmospheres than in cool cores of galaxy clusters. A comparison with the roots obtained for model MWG-bt
with no magnetic field (in which only over-stable TI modes are present and the oscillating branches are buoyancy and
rotation modes; Fig. 5, left-hand panel) suggests that the presence of ordered magnetic field tends to promote local
condensation through the combination of the TI with the either the MTI or the HBI.
What is the role of rotation? In Section 3.4.1 we anticipated that in some cases the instability is dominated the
MRI. An example is given in the right-hand panel of Fig. 5, showing the roots for model MWG-bt-az fixing x = 1:
it is apparent that the strongest monotonic instability (maximum growth rate n/Ω ≈ 0.35) is not thermal, but MRI.
We note that all the plasma models analyzed in this work are formally MRI unstable because the angular velocity
decreases outwards while the entropy increases outwards (see Balbus & Hawley 1991). However, the MRI occurs only
for k smaller than a critical value kMRI (Balbus & Hawley 1991), which in the considered cases is typically lower
than our fiducial limit for short wavelength k = 10R−1. In our models only when b0φ is close to unity the MRI
occurs at relevant wavelengths, basically because kMRI increases when the magnetic field components coupled with the
axisymmetric perturbation (B0z and B0R) decrease. We note that in this case the branch due to the combination of
TI and rotation is monotonically growing, but with substantially smaller growth rate than the MRI. We expect that
these MRI dominated modes do not lead to local condensation. Even when the MRI is not dominant, the effect of
rotation on the instabilities studied in this paper is very important. In the presence of rotation, at least in the simple
configurations here considered in which all the components of the background magnetic field are time-independent,
the magnetic field lines lie on surfaces of constant angular velocity, which, even in the absence of cooling, favors the
onset of the HBI or of the MTI. In the presence of cooling the combination of the TI with either the HBI or the MTI
gives rise to monotonically unstable modes, which are expected to lead to local condensation, provided the plasma
temperature is not too high (otherwise the HBI and the MTI dominate).
The numerical values of the growth rates give additional information on the astrophysical implications of the studied
instabilities. In our reference range of wave-vector components (10 ≤ kR ≤ 1000, −25 < x < 25) the maximum growth
rate n˜max ≡ max [Re(n)] /Ω of monotonically growing and over-stable modes [Re(n) > 0] does not exceed n˜max ≈ 0.04
for models MWG with b0φ = 0. In the models with azimuthal field (b0φ = 0.95) we get substantially higher growth
rates, with n˜max ≈ 0.44, due to the onset of the MRI. For models CCC we find n˜max ≈ 0.14 for monotonic instability
(which is dominated by the HBI) and n˜max ≈ 0.03 for over-stability (dominated by the TI). Therefore, in the models
here considered, even for the fastest-growing TI modes the growth-timescale (which is related to the cooling time) is
typically more than one order of magnitude longer than Ω−1 (which is related to the dynamical time). Over shorter
timescales we expect the HBI to occur in cool cores and, in specific conditions, the MRI in galactic coronae (and
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possibly also in clusters). An overview of the instability growth rate in a magnetized, rotating Milky-Way like galaxy
corona is given in Fig. 6, where we plot the maximum growth-rate of monotonically unstable modes n˜max as a function
of b0φ and ΓΩz/ΓΩR for a set of models, which is an extension of the set MWG. We note that unstable and over-stable
modes are present in all models of this extended set (0 ≤ b0φ ≤ 1 and 0 ≤ ΓΩz/ΓΩR ≤ 1). When b0φ → 1 the
growth-rates are maximized (up to n˜max ≈ 0.45), because the MRI is dominant, but when bφ = 1 exactly the growth
rate drops by one order of magnitude, because there is no axisymmetric MRI if b0R = b0z = 0. Figure 6 also shows
that varying ΓΩz/ΓΩR has generally a small effect on the maximum growth rate, though the trend is that n˜max is
larger for larger vertical velocity gradients, so baroclinic models tend to be more unstable than barotropic models (as
well known, vertical velocity gradients are destabilizing even in the absence of magnetic fields; see, e.g., Nelson et al.
2013 and references therein).
For both MWG and CCC models, we have explored the effect of varying the thermal-to-magnetic pressure ratio
β: the general trend is that the areas of monotonic instability and over-stability increase for increasing β, at the
expense of the areas of stability. However, the effect on the growth rates is small for variations of β up to a factor of
a few. Remarkably, if β is increased by one order of magnitude or more the MRI tends to be dominant in all models
(kMRI ≫ R
−1).
4. NON-AXISYMMETRIC PERTURBATIONS
Here we extend the above linear stability analysis to the case of non-axisymmetric perturbations. Though formally
the existence of unstable axisymmetric modes is sufficient to infer that the system is locally unstable, physically it
is important to establish whether the assumption of axisymmetry is a key factor for the onset of the instability. For
instance, in the unmagnetized case, differentially rotating systems that are thermally unstable against axisymmetric
perturbations tend to be stable against non-axisymmetric disturbances (N10).
4.1. Derivation of the system of ordinary differential equations
The evolution of non-axisymmetric perturbations in a differentially rotating plasma is more complicated than the
axisymmetric case, because of the effect of the shear (see, e.g., Cowling 1951; Lin & Shu 1964; Goldreich & Lynden-Bell
1965; Bertin et al. 1989; Balbus & Hawley 1992). As in N10, we adopt here shearing coordinates φ′ = φ − Ω(R, z)t,
R′ = R, z′ = z and t′ = t (Goldreich & Lynden-Bell 1965; Balbus & Hawley 1992) to reduce the problem to a system
of ordinary differential equations (ODEs). In the primed coordinates the non-axisymmetric perturbations take the
form of plane waves, so we can write the perturbed quantities as F0+F (t
′) exp(ik′RR
′+ ik′zz
′+ imφ′), with k′R, k
′
z and
m constant. Linearizing equations (1-4) in the Boussinesq approximation (so T/T0 ≃ −ρ/ρ0) we get
kRvR + kzvz + kφvφ = 0, (31)
ρ0
dvR
dt′
− 2Ωρ0vφ + ikRp−ApRc
2
0ρ−
i
4pi
(k ·B0)BR +
ikR
4pi
(B0 ·B) = 0, (32)
ρ0
dvφ
dt′
+
(
2Ω +R′
∂Ω
∂R
)
ρ0vR +R
′
∂Ω
∂z
ρ0vz + ikφp−
i
4pi
(k ·B0)Bφ +
ikφ
4pi
(B0 ·B) = 0, (33)
ρ0
dvz
dt′
+ ikzp−Apzc
2
0ρ−
i
4pi
(k ·B0)Bz +
ikz
4pi
(B0 ·B) = 0, (34)
dBR
dt′
− i(k ·B0)vR = 0, (35)
dBφ
dt′
− i(k ·B0)vφ −R
′∇Ω ·B = 0, (36)
dBz
dt′
− i(k ·B0)vz = 0, (37)
−
γ
ρ0
dρ
dt′
+ (ApR − γAρR) vR + (Apz − γAρz) vz
−
γ − 1
p0
[
χ(T0)T0(k · b0)
2
ρ0
− [L(ρ0, T0) + ρ0Lρ(ρ0, T0)− T0LT (ρ0, T0)]
]
ρ
−i
(γ − 1)χ(T0)T0
p0
[(k · b0)∇ ln T0 − 2(b0 · k)(∇ ln T0 · b0)b0] · b = 0, (38)
where we have introduced the quantities
ApR ≡
1
p0
∂p0
∂R
, Apz ≡
1
p0
∂p0
∂z
, AρR ≡
1
ρ0
∂ρ0
∂R
, Aρz ≡
1
ρ0
∂ρ0
∂z
, (39)
and k = k(t′) ≡ (kR, kφ, kz) is the time-dependent wave-vector, with
kR = kR(t
′) = k′R −mt
′
∂Ω
∂R
, (40)
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kz = kz(t
′) = k′z −mt
′
∂Ω
∂z
(41)
and kφ ≡ m/R
′ (independent of time). In equation (38) we have used the divergence-free condition ∇ · B = 0 to
eliminate the term proportional to k ·b. The system of ODEs (31-38) can be simplified by eliminating the variables vφ,
p and Bφ. In particular, in the momentum equations, vφ can be eliminated by using the mass conservation equation
vφ = −(kRvR + kzvz)/kφ and its time derivative
3
dvφ
dt′
= −
kR
kφ
dvR
dt′
−
kz
kφ
dvz
dt′
+R
∂Ω
∂R
vR +R
∂Ω
∂z
vz . (42)
The pressure perturbation p can be eliminated by combining the momentum equations as follows: we subtract the z
equation (multiplied by kR) from the R equation (multiplied by kz), and we subtract the z equation (multiplied by
kφ) from the φ equation (multiplied by kz), so
ikzp = −ρ0
dvz
dt′
+Apzc
2
0ρ+
i
4pi
(k ·B0)Bz −
ikz
4pi
(B0 ·B). (43)
The divergence-free condition ∇ ·B = 0 (i.e. k ·B = 0) can be used to eliminate Bφ, which can be written as
Bφ = −
kR
kφ
BR −
kz
kφ
Bz. (44)
After rearrangement and simplification, we end up with the following system of five ODEs (in the variables vR, vz , ρ,
BR and Bz):
dvR
dt′
=
2kRkφΩ
k2
(
ΓΩR −
k2z
k2φ
)
vR +
2kRkφΩ
k2
(
ΓΩz −
kz
kR
k2z + k
2
φ
k2φ
)
vz +
c20ApR
ρ0
(
k2z + k
2
φ
k2
−
Apz
ApR
kRkz
k2
)
ρ
+
i
4piρ0
(k ·B0)BR, (45)
dvz
dt′
=
2kzkφΩ
k2
(
ΓΩR +
k2R + k
2
φ
k2φ
)
vR +
2kzkφΩ
k2
(
ΓΩz +
kzkR
k2φ
)
vz +
c20Apz
ρ0
(
k2R + k
2
φ
k2
−
ApR
Apz
kRkz
k2
)
ρ
+
i
4piρ0
(k ·B0)Bz , (46)
dBR
dt′
− i(k ·B0)vR = 0, (47)
dBz
dt′
− i(k ·B0)vz = 0, (48)
−
γ
ρ0
dρ
dt′
+ (ApR − γAρR) vR + (Apz − γAρz) vz
−
γ − 1
p0
[
χ(T0)T0(k · b0)
2
ρ0
− [L(ρ0, T0) + ρ0Lρ(ρ0, T0)− T0LT (ρ0, T0)]
]
ρ
−i
(γ − 1)χ(T0)T0(k · b0)
p0
[∇ lnT0 − 2(∇ lnT0 · b0)b0] · b = 0. (49)
Dividing equations (45) and (46) by Ω2R, equations (47) and (48) by B0Ω, and equation (49) by γΩ, the above system
can be rewritten in dimensionless form as
dv˜R
dτ
= XRRv˜R +XRz v˜z +XRρρ˜+
2iKc˜20
β
bR, (50)
dv˜z
dτ
= XzRv˜R +Xzz v˜z +Xzρρ˜+
2iKc˜20
β
bz, (51)
dbR
dτ
= iKv˜R, (52)
dbz
dτ
= iKv˜z, (53)
dρ˜
dτ
= XρRv˜R +Xρz v˜z +Xρρρ˜−
2iKc˜20
β
YρRbR −
2iKc˜20
β
Yρzbz, (54)
3 The correct expression for dvφ/dt
′ is the one reported here and not that given in equation 60 of N10, where the last two terms are
missing because of a typographical error. However, the correct expression for dvφ/dt
′ is used in all the calculations of N10.
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where, for simplicity we have assumed b0φ = 0 and so eliminated the term proportional to b0φbφ in the energy equation.
In the above equations v˜R ≡ vR/ΩR, v˜z ≡ vz/ΩR, ρ˜ ≡ ρ/ρ0, τ ≡ t
′Ω, K ≡ (k˜ · b0)m, k˜R ≡ kR/kφ, k˜z ≡ kz/kφ,
k˜ ≡ k/kφ, m = kφR
′, and the quantities indicated with X and Y (defined in Appendix A) are dimensionless functions
of k˜(τ) and of the fluid parameters. In dimensionless variables we have
k˜R(τ) = k˜
′
R − τΓΩR and k˜z(τ) = k˜
′
z − τΓΩz , (55)
so dk˜R/dτ = −ΓΩR and dk˜z/dτ = −ΓΩz. It is useful to note that from the assumed condition of isorotational
background field (∇Ω ·B0 = 0) it follows that d (k · b0) /dτ = 0, so K is constant. Differentiating equations (50) and
(51) with respect to τ and using equations (52) and (53) in the form iKdbR/dτ = −K
2vR and iKdbz/dτ = −K
2vz ,
we get the following system of ODEs in the variables v˜R, v˜z and ρ˜:
d2v˜R
dτ2
= (XRR −XRρYρR)
dv˜R
dτ
+ (XRz −XRρYρz)
dv˜z
dτ
+
[
XRρ (XρR +XRRYρR +XzRYρz) + X˙RR −
2K2c˜20
β
]
v˜R
+
[
XRρ (Xρz +XRzYρR +XzzYρz) + X˙Rz
]
v˜z +
[
XRρ (Xρρ +XRρYρR +XzρYρz) + X˙Rρ
]
ρ˜, (56)
d2v˜z
dτ2
= (XzR −XzρYρR)
dv˜R
dτ
+ (Xzz −XzρYρz)
dv˜z
dτ
+
[
Xzρ (XρR +XRRYρR +XzRYρz) + X˙zR
]
v˜R
+
[
Xzρ (Xρz +XRzYρR +XzzYρz) + X˙zz −
2K2c˜20
β
]
v˜z +
[
Xzρ (Xρρ +XRρYρR +XzρYρz) + X˙zρ
]
ρ˜, (57)
dρ˜
dτ
= −YρR
dv˜R
dτ
− Yρz
dv˜z
dτ
+ (XρR +XRRYρR +XzRYρz) v˜R + (Xρz +XRzYρR +XzzYρz) v˜z
+(Xρρ +XRρYρR +XzρYρz) ρ˜, (58)
where the quantities indicated with X˙ (reported in Appendix A) are the derivatives with respect to τ of the corre-
sponding dimensionless functions indicated with X that we introduced in equations (50-51). The final system of ODEs
(56-58) in the variables v˜R, v˜z and ρ˜ fully describes the evolution of non-axisymmetric perturbations. The system
must be completed by specifying at τ = 0 the values of v˜R, v˜z, ρ˜, dv˜R/dτ and dv˜z/dτ , which must be such that
equations (50-51) are satisfied at τ = 0. The coefficients of the system of equations (56-58) depend on the following
parameters: k˜′R, k˜
′
z , m (characterizing the perturbation), ΓΩR, ΓΩz, ΓpR, Γpz, ΓTR, c˜0, ω˜th, ω˜c,0, β (defining the
properties of the background fluid; we recall that here we are assuming b0φ = 0). The other parameters appearing in
the coefficients (see Appendix A) are not independent (see Section 3.2). In particular, we recall that ΓρR = ΓpR−ΓTR
and Γρz = Γpz − ΓTz .
4.2. Results for non-axisymmetric perturbations
Given a plasma model, the evolution of a given non-axisymmetric mode can be calculated by numerically integrating
the system of ODEs (56-58). In particular, we have solved the system with a fourth-order Runge-Kutta method
for the models MWG-bt, MWG-bc, CCC-bt and CCC-bc, exploring a wide range of values of wave numbers (k˜′R,
k˜′z, m) and initial conditions [v˜R(0), v˜z(0), ρ˜(0), dv˜R/dτ(0), dv˜z/dτ(0)]. Overall, the results of these numerical
calculations show that, in the presence of ordered magnetic field (and therefore anisotropic thermal conduction), the
evolution of non-axisymmetric perturbations with initial wave-vector components kR, kz and k = (k
2
R + k
2
z + k
2
φ)
1/2
is qualitatively similar to that of axisymmetric perturbations with the same values of kR/kz and k. This indicates
that the instabilities found in NP13 and analyzed in Section 3 are not due to the axisymmetry of the disturbance
and confirms that the considered rotating plasmas are locally unstable to general perturbations. Remarkably, this
is different from the unmagnetized case, in which non-axisymmetric perturbations are typically stable even if the
corresponding axisymmetric perturbations are unstable (N10).
The above finding is illustrated in Fig. 7, showing the evolution of a representative non-axisymmetric perturbation in
the magnetized (anisotropic conduction; left-hand panel) and unmagnetized (isotropic conduction; right-hand panel)
model MWG-bc (for the unmagnetized system the numerical solution is obtained as described in N10; equations
64-66 in that paper). In both cases the initial wave vector components k˜R = 0.5, k˜z = 0.1, m = 10 (i.e. x = 5,
k ≃ 11.2) correspond to unstable regions for axisymmetric perturbations (see Section 3.4.1) and the initial conditions
are v˜R(0) = 0.01, v˜z(0) = −0.01 and ρ˜(0) = 0.01. In the magnetized model the two additional initial conditions
dv˜R/dτ(0) and dv˜z/dτ(0) are such that equations (50-51) are satisfied with b = 0 at τ = 0. From Fig. 7 it is apparent
that the non-axisymmetric perturbation is unstable (it enters the non-liner regime at τ = tΩ ≃ 45) when the medium
is magnetized, while it is manifestly stable when the system is unmagnetized, due to isotropic conduction (even if
suppressed by a factor f = 0.01).
Physically, the different behavior of non-axisymmetric disturbances in magnetized and unmagnetized fluids can be
understood by considering the simple case of the evolution of a blob-like (non-axisymmetric) thermal perturbation
in the presence of differential rotation Ω = Ω(R) (see Fig. 8). The blob is a small overdensity close to pressure
equilibrium with the hotter surrounding medium. The effect of the shear is to stretch the perturbation along the
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Figure 7. Evolution of a non-axisymmetric perturbation for the baroclinic Milky-Way like galaxy model MWG-bc in the presence
(left-hand panel) and in the absence (right-hand panel) of magnetic field. Here ρ˜, v˜z and v˜R are the normalized density and velocity
perturbations (see Section 4.1); τ is the time in units of Ω−1. Note the different scales in the vertical axes in the two panels. In the
unmagnetized case we have assumed thermal conduction suppression factor f = 0.01.
R
z
Magnetized, anisotropic conduction
Unsheared perturbation Sheared perturbation
∇Ω
B B
R
φ
∇Ω
R
z
Unmagnetized, isotropic conduction
Unsheared perturbation Sheared perturbation
∇Ω
R
φ
∇Ω
Figure 8. Left-hand panel: a schematic representation of the evolution of a blob-like (non-axisymmetric) thermal disturbance (colder
than the background) in the presence of differential rotation Ω = Ω(R) and isorotational magnetic field with no azimuthal component.
The four quadrants show sections of the initial (unsheared; left) and evolved (sheared; right) perturbation in the planes R-φ and R-z.
The conductive heat flux Q (small gray arrows) is anisotropic and it is null across the magnetic field lines (i.e. along R), so the sheared
perturbation is not damped. Here we neglect the (small) perturbation in the magnetic field direction. Right-hand panel: same as the
left-hand panel, but for an unmagnetized medium. In this case Q is isotropic, so it can effectively damp the sheared thermal perturbation,
which is narrow along R (as indicated by the big red arrows).
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azimuthal direction making it narrow along R (mathematically, kR increases with time). In the magnetized case we
have B0R = 0 (due to the isorotation condition B0 · ∇Ω = 0), so, neglecting the small perturbation in the magnetic
field direction, heat conduction does not occur along R and the perturbation is not damped (left-hand panel in Fig. 8,
where for simplicity we assume that the azimuthal magnetic field component is null). In the absence of magnetic
field thermal conduction is isotropic, so it is effective along the radial direction and can easily damp the thermal
disturbance which gets thinner because of the shear (right-hand panel in Fig. 8).
5. SUMMARY AND CONCLUSIONS
In this paper we have studied the nature of local instabilities in rotating, stratified, weakly magnetized, optically
thin astrophysical plasmas in the presence of radiative cooling and anisotropic thermal conduction. A summary of the
main results of the present work is the following.
1. We have provided the equations that allow to determine the linear evolution of axisymmetric and non-
axisymmetric perturbations at any position of a differentially rotating plasma in the presence of a weak ordered
magnetic field. Given a model for the background plasma, the evolution of axisymmetric perturbations can be
computed by solving numerically the dispersion relation (6). The evolution of non-axisymmetric perturbations
can be determined by integrating numerically the system of ODEs (56-58).
2. We have studied the stability properties of rotating models representative of cool cores of galaxy clusters and
coronae of Milky Way-like galaxies. In all cases we found monotonically unstable axisymmetric modes. The
instability is dominated by the HBI in cool cores and by a combination of TI and MTI in galactic coronae (with
the exception of models with very weak poloidal component of the magnetic field, in which the MRI is the
dominant instability).
3. For the same galaxy and galaxy-cluster models, we have computed the linear evolution of several non-
axisymmetric disturbances, finding that the linear non-axisymmetric modes behave similarly to axisymmetric
modes with the same wave-length and orientation in the meridional plane, so these systems are locally unstable
against general perturbations. In particular, in contrast with the unmagnetized case, differential rotation does
not stabilize blob-like disturbances in the presence of an ordered magnetic field.
4. Overall, magnetized systems are more prone to local TI than unmagnetized systems: in particular, thermal
perturbations tend to be effectively damped by isotropic heat conduction in unmagnetized systems, while, under
certain conditions, they can grow monotonically and lead to local condensations in the presence of magnetic
fields.
5. Differential rotation plays a crucial role in the studied instabilities. Remarkably, if the magnetic field is sufficiently
weak the MRI is dominant even in pressure-supported systems such as galactic coronae and cool cores of galaxy
clusters. But also when the MRI is not strong, differential rotation can favor the onset of either the MTI or the
HBI, which, combined with the TI, can lead to local condensation of cold gas. The presence of vertical velocity
gradient is destabilizing, so baroclinic models tend to be more unstable than barotropic models.
The original motivation of the present investigation was the question of whether cold clouds can form spontaneously
throughout the virial-temperature atmospheres of galaxies and clusters of galaxies. In this work we have focused on
differentially rotating plasmas, because rotation is potentially relevant in the atmospheres of both galaxies (Marinacci
et al. 2011) and galaxy clusters (Bianconi et al. 2013). A necessary condition for the spontaneous formation of cold
clouds via TI is that, at least in the linear regime, thermal perturbations grow monotonically. Our results suggest
that in the presence of a weak ordered magnetic field, provided that the MRI is not dominant and that the gas
temperature is relatively low, thermal perturbations can lead to local condensation through a combination of the TI
with either the MTI or the HBI. Therefore the formation of cold clouds via local TI is hampered in the cluster cool
cores, while it is possible under specific conditions in galactic coronae. While the gas temperature of galactic and
galaxy-cluster atmospheres is relatively well constrained (either observationally or theoretically), much less is known
about the distribution of their specific angular momentum and the geometry of their magnetic field. In the hypothesis
that the conditions are such that linear thermal perturbations grow monotonically, we are left with the question of
the non-linear evolution of these unstable systems, which could be addressed with MHD simulations (see, for the non-
rotating case, Kunz et al. 2012, McCourt et al. 2012 and Wagh et al. 2014). One possibility is that, in the non-linear
regime, finite-size cold clouds form and the medium becomes multiphase, but it is also possible that the main outcome
of the instability is that the magnetic field is rearranged in a configuration that counteracts the development of further
instabilities or that the gas becomes highly turbulent and the magnetic field highly tangled.
A limitation of the present work is that, even in the presence of ordered magnetic fields, we have assumed for simplicity
pressure to be isotropic, neglecting the Braginskii (1965) viscosity. In fact, in a magnetized plasma anisotropic
momentum transport can affect the stability properties of the plasma: for instance, studying non-rotating models of
cluster cool cores, Latter & Kunz (2012) and Kunz et al. (2012) concluded that, in the presence of Braginskii (1965)
viscosity, the HBI is substantially reduced, being localized only in the inner 20% of the cluster core. The question of
whether and how much the results of the present work are affected by Braginskii (1965) viscosity can be addressed by
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extending the calculations to the case in which anisotropic pressure is self-consistently included: such an investigation
would represent a natural follow-up of this paper.
We are grateful to Steven Balbus for useful discussions. We acknowledge financial support from PRIN MIUR
2010-2011, project “The Chemical and Dynamical Evolution of the Milky Way and Local Group Galaxies”, prot.
2010LY5N2T.
APPENDIX
LIST OF DEFINITIONS
Here is a list of definitions of quantities used in Section 4:
XRR ≡
2k˜R
k˜2
(
ΓΩR − k˜
2
z
)
,
XRz ≡
2k˜R
k˜2
[
ΓΩz −
k˜z
k˜R
(k˜2z + 1)
]
,
XRρ ≡ c˜
2
0ΓpR
(
k˜2z + 1
k˜2
−
Γpz
ΓpR
k˜Rk˜z
k˜2
)
,
XzR ≡
2k˜z
k˜2
(
ΓΩR + k˜
2
R + 1
)
,
Xzz ≡
2k˜z
k˜2
(
ΓΩz + k˜zk˜R
)
,
Xzρ ≡ c˜
2
0Γpz
(
k˜2R + 1
k˜2
−
ΓpR
Γpz
k˜Rk˜z
k˜2
)
,
XρR ≡
1
γ
(ΓpR − γΓρR) ,
Xρz ≡
1
γ
(Γpz − γΓρz) ,
Xρρ ≡ −
(
ω˜c,0K
2 + ω˜th
)
,
YρR ≡
βω˜c,0
2c˜20
[ΓTR − 2(ΓTRb0R + ΓTzb0z)b0R] ,
Yρz ≡
βω˜c,0
2c˜20
[ΓTz − 2(ΓTRb0R + ΓTzb0z)b0z ] ,
X˙RR ≡
dXRR
dτ
=
2
k˜4
[
ΓΩRk˜
4
z − ΓΩR
(
k˜2R + ΓΩR − 1
)
k˜2z + 2ΓΩz(k˜R + ΓΩR + 1)k˜Rk˜z + Γ
2
ΩR(k
2
R − 1)
]
,
X˙Rz ≡
dXRz
dτ
=
2
k˜4
[
ΓΩzk˜
4
z − 2ΓΩRk˜Rk˜
3
z + ΓΩz(3k˜
2
R + 2− ΓΩR)k˜
2
z
+2
(
Γ2Ωz − ΓΩR
)
k˜Rk˜z + ΓΩz (ΓΩR + 1) k˜
2
R + ΓΩz (1− ΓΩR)
]
,
X˙Rρ ≡
dXRρ
dτ
=
c˜20ΓpR
k˜4
[
2k˜R
(
ΓΩRk˜
2
z − ΓΩz k˜Rk˜z + ΓΩR
)
+
Γpz
ΓpR
[
ΓΩRk˜
3
z − ΓΩz k˜Rk˜
2
z + (1− k˜
2
R)ΓΩRk˜z + ΓΩzk˜R(k˜
2
R + 1)
]]
,
X˙zR ≡
dXzR
dτ
=
2
k˜4
[
− 2ΓΩRk˜Rk˜
3
z + ΓΩz
(
k˜2R + ΓΩR + 1
)
k˜2z + 2Γ
2
ΩRk˜Rk˜z − ΓΩz(k˜
2
R + 1)
(
k˜2R + ΓΩR + 1
) ]
,
X˙zz ≡
dXzz
dτ
=
2
k˜4
[
− ΓΩRk˜
4
z +
(
ΓΩRk˜
2
R + Γ
2
Ωz − ΓΩR
)
k˜2z − 2ΓΩzk˜R
(
k˜2R − ΓΩR + 1
)
k˜z − Γ
2
Ωz
(
k˜2R + 1
) ]
,
X˙zρ ≡
dXzρ
dτ
=
c˜20Γpz
k˜4
[
− 2k˜z
(
ΓΩRk˜z k˜R − ΓΩz k˜
2
R − ΓΩz
)
+
ΓpR
Γpz
[
ΓΩRk˜
3
z − ΓΩz k˜Rk˜
2
z + (1− k˜
2
R)ΓΩRk˜z + ΓΩzk˜R(k˜
2
R + 1)
]]
.
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